This paper deals with the global existence and boundedness of solutions to the following quasilinear attraction-repulsion chemotaxis system: 
Introduction
Chemotaxis is widespread in nature. It describes the oriented migration of cells or bacteria toward the concentration gradient of a chemical substance. In , Keller and Segel [] derived the well-known and widely studied Keller-Segel attractive model. The most obvious feature of this system is that the solution may blow up in finite time (see [-] and references therein). Hillen and Painter [] suggested the chemotaxis model with nonlinear diffusion and aggregation by considering the volume-filling effect. Therefore, there are many papers on the global existence or finite time blow-up of solutions (e.g., see [-] ).
In many biological processes, the migration of cells or bacteria is generally influenced by a combination of attractive and repulsive chemicals [, ] When n = , τ = , and ξγ -χα > , the model (.) possesses a unique global bounded classical solution with any sufficient regular initial data (see [, ] ). When n =  or , τ = , and ξγ = χα, Lin et al. [] proved that (.) admits a unique global bounded classical solution, and large time-behavior is considered. When τ = , the global solvability, critical mass phenomenon, blow-up, and asymptotic behavior were studied in [, ] . Recently, Jin and Wang [] studied the boundedness, blow-up, and critical mass phenomenon of solutions to a variant of (.) for n = . Liu et al.
[] also studied the pattern formation of model (.) with τ =  from both analytical and numerical aspects.
To the best of our knowledge, presently, there is no rigorous result on the attractionrepulsion chemotaxis model with nonlinear diffusion. Thus, this paper mainly aims to understand the competition among the repulsion, the attraction, and the nonlinear diffusion. Precisely, we will consider the global existence and boundedness of solutions to the following quasilinear attraction-repulsion chemotaxis system of parabolic-elliptic type:
where ⊂ R n (n ≥ ) is a bounded domain with smooth boundary ∂ , and ∂/∂ν represents the derivative with respect to the outer normal of ∂ . As usual, we assume that χ, ξ ≥  and that α, β, γ , and δ are positive parameters. For the diffusion coefficient D, we assume that
and there exist some constants c D >  and m ≥  such that
In addition to (.) and (.), we will require that D(u) satisfy
We will show that we can allow for the case of attraction dominating the repulsion (i.e., ξγ -χα < ) and still obtain global existence results due to the nonlinear diffusion. Thus, our results confirm that the attraction-repulsion system with nonlinear diffusion can prevent blow-up of solutions in higher dimensions as mentioned before.
We now state the main results of this paper. 
Then there exists a unique nonnegative bounded solution
Remark . Theorem . shows that the solution is still global, provided that the diffusion is strong enough even if the attraction prevails over the repulsion, which provides a supplement to the dichotomy boundedness vs. blow-up in attraction-repulsion chemotaxis equations of parabolic-elliptic type with nonlinear diffusion.
Remark . For n = , Theorem . also shows that both the attraction and repulsion cannot result in blow-up when the linear diffusion is replaced by a nonlinear one.
For the case of D(u) only fulfilling (.) and (.), since equation (.)  with m >  may be degenerate at u = , system (.) does not admit classical solutions in general as the porous medium equation does. However, we can prove that system (.) in this case possesses at least one nonnegative global bounded solution (u, v, w) in the following weak sense. 
where C >  is a constant independent of t.
The rest of this paper is organized as follows. In Section , we first prove the local existence and uniqueness of a solution to system (.) and then give mass estimates. In Section , we give some fundamental estimates for the solution (u, v, w) to system (.) and then prove Theorem .. In Section , we establish the existence of global bounded weak solutions to system (.).
Preliminaries
In this section, we first state the local well-posedness of system (.) and then give the mass estimates. 
Proof (i) Existence. Let T ∈ (, ), which is specified below. We define
which is a bounded closed convex subset of space
For any givenũ ∈ S T , there exists a unique (v, w) such that v and w solve the following elliptic equations
respectively. Then we can find a unique u solving the following parabolic equation:
Thus, we can introduce a mapping :ũ(∈ S T ) − → u by defining (ũ) = u. We next show that has a fixed point for T sufficiently small. The elliptic regularity [], Theorem ., implies that (.) admits a unique solution v(·, t) ∈ C +θ ( ) for some θ ∈ (, ). Similarly, (.) also possesses a unique solution w(·, t) ∈ C +θ ( ). Moreover, the Sobolev embedding theorem and the L p estimates yield that
and
with p > n and some constants C  >  and
for some θ ∈ (, ) and C  > , where
Hence if we take T < (
which implies that u ∈ S T . Then we conclude that (S T ) ⊂ S T and (S T ) is compact in S T by (.). Moreover, we can easily deduce that is a continuous operator. Thus, the Schauder fixed point theorem gives that there exists at least one fixed point u ∈ S T of .
(ii) Regularity and nonnegativity. By the elliptic regularity theory we see that
We may prolong the solution to the interval [, T max ) with either T max = ∞ or T max < ∞, where, in the latter case,
Finally, the parabolic and elliptic comparison principles ensure the nonnegativity of u, v, and w.
(iii) Uniqueness. The proof for the uniqueness of solutions to system (.) is inspired by a method in [] . We suppose that (u  , v  , w  ) and (u  , v  , w  ) are two classical solutions to system (.) in × (, T) with the same initial data. Fix T  ∈ (, T).
It is clear that v  -v  satisfies the equation
Thus, we differentiate (.) on t and then take v  -v  as a test function to have
For the first term on the right-hand side of (.), we obtain from the mean value theorem and the Young inequality that
, where
) and
For the second integral on the right-hand side of (.), we can use the Hölder's inequality to have
Notice that |u  | ≤ C  , |∇v  | ≤ C  , and |∇w  | ≤ C  with some positive constants C  , C  , and C  in × (, T  ). Thus,
Inserting (.) into (.) and using Young's inequality, we obtain
Similarly, we can conclude that
To estimate the last integral in (.), we notice that w  -w  satisfies the equation
Taking w  -w  as a test function, we obtain
which, together with Young's inequality, yields that
Thus, the last term in (.) can be estimated as
Summarily, combining (.), (.), (.), and (.), we obtain
. This implies the uniqueness of solutions.
The following lemma deals with the mass identities.
Lemma . Let the assumptions in Lemma
Moreover, we have
provided that u  > .
Proof We integrate each equation of (.) with respect to x ∈ and then obtain d dt u dx ≡ , α u dx = β v dx, and γ u dx = δ w dx for all t ∈ (, T max ). It is clear that (.)-(.) hold. By the maximum principle, we obtain the positivity (.) of u.
Global bounded classical solutions in the case of nondegenerate diffusion
In this section, we mainly investigate the existence of global bounded classical solutions to system (.) with nondegenerate diffusion. We first consider the case that the repulsion prevails over the attraction (i.e., ξγ -χα > ). , there exists a constant C >  independent of t such that the solution (u, v, w) of (.) fulfills
Proof We multiply the first equation in (.) by u p- and integrate by parts over to have
for all t ∈ (, T max ). Thus, from the second and third equations in (.) we obtain
which, together with v ≥ , yields that
By ξγ -χα >  and Young's inequality we deduce that
where 
with some constant C  > . Then by the Gagliardo-Nirenberg interpolation inequality [] and the L  estimates of w (Lemma .) we find that
with some constants C  >  and C  > , where
, it is easy to check that θ ∈ (, ) and (p + )θ < p. Hence, using Young's inequality twice, we have
Then by taking
where C  := C  C  . By Young's inequality again, we obtain
for t ∈ (, T max ). Thus, we conclude that
where
which implies the desired uniform estimates.
Next, considering the case that the attraction dominates over the repulsion, we can deduce a similar uniform estimate under the assumption of m >  - n . We will show that the stronger diffusion plays a key role in deducing such a uniform bound. 
, there exists a constant C >  independent of t such that the solution (u, v, w) of system (.) fulfills u p (x, t) dx ≤ C for all t ∈ (, T max ). (.)
Proof Combining (.) with (.), we derive
By Young's inequality we obtain
where C  := (p -)(χα -ξγ + ξδ) and C  := (p -)ξδ. Similarly to the deduction of (.) in Lemma ., we find that there exist some constants C  >  and C  >  such that
. Using Young's inequality twice yields
and then obtain
By the Gagliardo-Nirenberg inequality we derive that there exists C  >  such that
Thus, we use Young's inequality to derive
and m ≥ , it is easy to check that
By using the Gagliardo-Nirenberg inequality again, we can find a constant C  >  such that
Since m >  - n , we find that
Young's inequality yields that
Substituting (.) into (.) yields that
where C  := C  + C  . Thus, using Gronwall's inequality, we have
which implies the desired uniform L p estimates.
We now turn to the existence of global bounded classical solutions.
Proof of Theorem . According to the L p estimates of w (see (.)), we obtain from Lemmas . and . that
with some positive constant C  . Then, by choosing p > n, from the Sobolev embedding theorem we can derive that there exists a constant C  >  such that
Similarly, there exists a constant C  >  such that
With the aid of Lemmas . and . and using Lemma A. in [] (see also []), we can conclude that there exists a positive constant C  >  such that
which, together with the extensibility criterion (.), implies that T max = +∞. Thus, (u, v, w) is a global bounded classical solution to system (.).
Global bounded weak solutions in the case of degenerate diffusion
In this section, we consider system (.) with degenerate diffusion (i.e., D(u) ≥  for all u ≥ ). We first consider the following regularized system with nondegenerate diffusion for ε ∈ (, ), which satisfies all the formal arguments:
where D ε is defined by
Thus, D ε satisfies (.), (.), and (.). The following proposition is a direct consequence of Theorem ..
Proposition . Let ε ∈ (, ), and let u
Next, we go to find some estimates to (u ε , v ε , w ε ), which are independent of ε and used to obtain some convergence properties. By taking ε →  we will establish the existence of global bounded weak solutions. The following two lemmas based on the ideas in [] are used to prove the existence of the limit function of ∇
Lemma . Let T > , and let the assumptions in Proposition
where C  is a positive constant independent of ε.
Proof Taking u ε as a test function on the first equation in (.) and integrating it over
It then follows from the second and third equations in (.) that
From Proposition . we obtain that there exist some positive constants c  , c  , c  , c  , and c  independent of ε such that
(.) Therefore, we have
which yields the desired estimate
Lemma . Let T > , and let the assumptions in Proposition
where C  is a positive constant independent of ε.
Proof We multiply the first equation in (.) by 
where we used
Thus, by Young's inequality and (.) we derive
Similarly,
Substituting the last two inequalities into (.), we obtain
Multiplying (.) by t and integrating it over (, T), we obtain
By (.) the integrals on the right-hand side of (.) can be estimated as
Then substituting (.) into (.) and using (.) again, we have
By taking the supremum with respect to t on (, T) we complete the proof of (.).
We now prove Theorem .. Our method is also partially inspired by [] .
Proof of Theorem
, where C is a positive constant independent of T and ε. Then there exist a subsequence {u
c  again, from Lemma . we deduce that
Hence, there exist a subsequence (still denoted by {u ε j } j∈N ) and a function ϑ ∈ L  (, T;
On the other hand, by letting τ > , from Lemma . we have
which implies that
. Thus, by the Aubin-Lions lemma there exists a subsequence (still denoted by {u ε j } j∈N ) such that Since v ε (t) W ,∞ ( ) < c  + c  , there exist a subsequence {v ε j } j∈N (hereafter, we still denote the subscript of the subsequence by {v ε j } j∈N for simplicity) and functions v such that
Similarly, there exist subsequence {w ε j } n∈N and functions w such that which implies the uniform boundedness of (u, v, w) . Thus, we complete the proof of Theorem ..
